
Since its experimental isolation in 2004 [1], graphene—
a one-atom thick all-carbon material endowed with 
massless Dirac fermions—has attracted much interest 
from the community owing to its peculiar electronic and 
transport properties. The low-energy excitations in this 
material obey the well-known Dirac equation: 

 
where the Pauli matrices above encode the pseudo-spin 
(σ) and valley degrees of freedom (τ) stemming from the 
honeycomb lattice. The absence of spin-orbit coupling 
(SOC) in eq. (1) means that spin relaxation times in 
pristine graphene are large, making it a promising 
material for use as a high-performance spin channel [2].  

The recent observations of giant SOC enhancement in 
graphene by means of chemical 
functionalization [3] and proximity 
effects [4] have paved the way to all-
electrical manipulation of spin currents 
in via spin Hall effects (SHEs) [5]. An 
important issue for all-electrical 
spintronics schemes based on SHEs, is 
the potential impact of random SOC on 
the spin lifetime. So far, the theoretical 
study of spin relaxation times (SRTs) 
has proved extremely challenging. The 
typical SRTs obtained from the 
standard pictures [6,7] (see also Fig. 2) 
are orders of magnitude larger than the 
measured values [2], raising intriguing 
questions about the spin relaxation 
(SR) mechanisms at play in real 
samples. The standard pictures are 
derived from semi-classical arguments, 
whereas the role of genuine quantum 
contribution (e.g., arising from 
anomalous scattering processes [8])     
remains unclear.  

1. Introduction

Fig.2: SR mechanisms (taken from Ref. [6])  
Standard SR mechanisms. Left: Elliot-Yafet/Dyakonov-
Perel: SRT is proportional/inversely proportional to the 
momentum relaxation time. Right: Resonant scattering 
mechanism: here, the spin can be flipped during the long 
interaction time with the impurity.

2. SR from Liouvile equation

The SRT can be calculated by means of the Liouville 
equation for the density matrix ρ of the system [6]: 

where, in our case, Η=H0+HR is the total Hamiltonian, 
which includes a uniform Rashba field HR (e.g. due to 
the presence of a substrate), and V is an impurity 
potential with arbitrary structure in spin, sublattice and 
valley SU(2) spaces [9] (Fig.3).  

 
Our results show that the SRT is mildly affected by the 
impurity structure (see Fig. 4). Very recently [10] this 
formalism has been extended to include scattering to all 
orders in the disorder potential but only at the first order 
in the impurity concentration—the so-called T-matrix 
approximation.
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Fig.3: SOC terms for an impurity in 
the hollow position (from [10]) 
Impurities in graphene induce SOC 
terms with various  symmetries. The 
schematic shows all allowed terms for 
non-magnetic impurities occupying 
the hollow position. We will include 
those SOC terms in our calculation. 

Fig.4: Spin relaxation induced by 
different type of impurities  
The plots show the time dependent 
of the spin polarization induced by 
d i ffe ren t types o f impur i ty 
potentials. Three possible SOC 
terms are shown: scalar—V0σ0s0, 
intrinsic-l ike— V zσ z s z a n d a 
combination of them. Here we show 
the particular case, in which V0= 
Vz=V.

3. SR from spin-diffusion  
equations

Fig.1: Band structure of graphene  
The energy dispersion becomes linear 
in the vicinity of Dirac points K,K’ in 
the Brillouin zone. 

We can also calculate the SRT by means of the linear response/diagrammatic approach. In the 
diffusive limit (lengths and times much longer than the mean-free path and scattering time) this 
approach provides a set of coupled equations by evaluating the density-density linear response 
function (LRF) in the spin and charge sectors: 
 

where D is the so-called diffuson. We have studied the case of SLG in the presence of a 
Rashba field and a week scalar scattering potential (Born approximation) where we have found 
that there is a perfect mapping with the 2DEG case in [11] with: 

Given the form above, expressing eq.(3) in real space it useful to get a more transparent 
physical meaning of the diffusion equations: 

We have showed that the SRTs obtained in the Liouville formalism (right top panel) are 
recovered. 

 
However, we aim at dealing with the most general disordered Hamiltonian, in which the 
allowed SOC potentials need to be treated according to self-consistent non-perturbative 
diagrammatic formalism recently developed in ref. [8] (see Fig. 5).  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We have applied the standard Liouville formalism to calculate SRT in SOC-coupled graphene for a 
generic scattering source allowed by symmetry. Our results show little dependence on the type of 
scattering potential considered. We have also calculated Rashba-Graphene SRTs within the diagrammatic 
formalism for scalar scatterers in the Born approximation, showing the agreement with previous works 
using a semi-classical approach. We aim to extend our formalism to a spin-dependent generic source of 
scattering. Also we will follow the diagrammatic expansion recently developed in [8] to get a self-
consistent quantum-mechanical picture of spin-relaxation scenarios in disordered graphene. 
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Fig.5: Diagrammatic expansion of the 
disorder-averaged charge-spin LRF 
The response function can be evaluated by means 
of standard diagrammatic approach for 
disordered electrons. After configurational 
average, we obtain diagrams of two disorder-
averaged Green functions (solid red lines) with 
crossing or non-crossing potential legs (dashed 
lines) and impurity density vertices (red crosses) 

at all orders. In the standard Born approximation, 
one only retains the so-called ladder series (first, second—-and successive powers of it). We ultimately aim to include high-
order diagrams, which have recently shown to be crucial in the spin Hall conductivity in graphene-based systems [8], and 
therefore can potentially play a non-trivial role in SR.
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4. Conclusions
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