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Conventional Coulomb drag 
 
 

Coupling two independent electrical circuits by 
proximity may lead to signals in one circuit, the 

origins of which are entirely from the 
neighbouring circuit, such as Coulomb drag. To 

measure this drag effect, a current Idrive is set 
in one of the (drive) circuits. Under the 

condition of no current flow, a 
voltage Vdrag develops across the second (drag) 

circuit, defining a drag resistance 
RD≡ −Vdrag/Idrive that is a direct probe of 

electron–electron interactions. Coulomb drag is 

distinct from rectification and ratchets 
mechanisms where a voltage develops owing to 

a neighbouring current flow whose I–
V characteristics are highly nonlinear (with 

respect to Idrive) and non-symmetric with 
respect to probe inversion. In contrast, 

Coulomb drag is an equilibrium phenomenon 
that is linear, invertible with respect to probe 

symmetry, mutual, and present in ballistic and 
non-ballistic circuits. 

Laroche et al., Nature Nanotechnology 6, 793 (2011) 

Noh et al., PRB 89, 205417 (2014) 

The analysis of the electronic structure revealed an 
occupied bonding type vacancy state close to valence 
band maximum and an empty antibonding type state in 
the mid gap, which stabilizes the structure. For the 
occupied bonding defect state, the electronic charge is 
localized at the vacancy site, analogous to bulk MoS2, 
where Mo atoms donate electrons to S atoms. This is 
true for all of the semiconducting materials: MoX2, WX2, 
and PtX2. The rest of the considered materials are  etals 
or semimetals, for which the bonding vacancy state may 
become unoccupied, which is reflected in larger  
relaxation and lower formation energies. 

Coulomb drag in bulk systems: 

•current in a passive layer mediated by the 
Coulomb interaction (momentum transfer). 

•Linear response (in the applied bias). 

•Perturbative in the Coulomb interaction. 

 

Linear response: 
q|| 
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Coulomb drag is an old phenomenon 
which has been studied extensively in 
2DEGs and, more recently, graphene. 

 

In these systems, are current through 
an active layer can induce a 
current/voltage in a passive layer which 
is mediated entirely by their mutual 
Coulomb interaction 

 

Usually quantified in terms of the “drag 
resistance” 



Drag in coupled QD systems 
 
 

Coupling two independent electrical circuits by 
proximity may lead to signals in one circuit, the 

origins of which are entirely from the 
neighbouring circuit, such as Coulomb drag. To 

measure this drag effect, a current Idrive is set 
in one of the (drive) circuits. Under the 

condition of no current flow, a 
voltage Vdrag develops across the second (drag) 

circuit, defining a drag resistance 
RD≡ −Vdrag/Idrive that is a direct probe of 

electron–electron interactions. Coulomb drag is 

distinct from rectification and ratchets 
mechanisms where a voltage develops owing to 

a neighbouring current flow whose I–
V characteristics are highly nonlinear (with 

respect to Idrive) and non-symmetric with 
respect to probe inversion. In contrast, 

Coulomb drag is an equilibrium phenomenon 
that is linear, invertible with respect to probe 

symmetry, mutual, and present in ballistic and 
non-ballistic circuits. 

Laroche et al., Nature Nanotechnology 6, 793 (2011) 

Noh et al., PRB 89, 205417 (2014) 

Coulomb drag in Coulomb-blockaded QDs: 

• Energy rather than momemtum transfer. 

•Nonperturbative in the Coulomb interaction. 

• To a large extent a nonlinear phenomenon. 

• Effect of higher-order cotunneling processes? 

• Interesting thermoelectric applications 

Negative drag 

d=15 nm 
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Bischoff et al., Nano Lett. 15, 6003 (2015) 

As opposed to “conventional” 
drag, drag in QD system only 
recently observed experimentally 
in two pioneering works: 

1) Graphene-based heterorstruct. 

2) Gate-defined QDs in 2DEG  

•Large interdot Coulomb interact 

•No tunneling 

•Measure drag current instead of open-

circuit voltage 

 

The underlying mechanism, as I will 

show/discuss in the following, is (due to 

zero dim) better described in terms of 

energy rather than. 

Keller et al., PRL 117, 066602 (2016) 



Interdot interaction: 
 

 
(largerst energy, ~meV) 

Capacitively coupled quantum dots 
 
 

V1 

V2 
Vsd 

V2 

V1 

Graphene QD heterostructure 
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d<10 nm 

Stability diagram (Vsd< U12) 

I1 

Energy-level 

diagram: 

Inspired by exp, we study 
CD in idealized graphene 

QD structure 

• 1) Energy-level diagram: 

graphene leads (no 
properties of graphene in 

QDs) 

• 2) Capacitive interdot 

interaction -> Coulomb 
blockade physics (no 

doubly occupied dots) 

• Stability diagram: 
energetically favorable 

configuration vs gate 

• Characteristics: triple 

points & vertex 

• Current: fluctuating 

occupation at degeneracy 
lines! 

I2 



Sequential drag mechanism 
 
 Drive current: 

Bischoff et al., Nano Lett. 15, 6003 (2015) 
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Explain current and drag in 
terms of elementary 

processes sketched here:  

•Drive: sequential 

•Nonlocal cotunneling and 
drag excursions around 

the triple point 

• -> energy transfer drag 

•Direction of the drag 
current 

• Conditions for drag!! 

 

Drag current (sequential tunneling): 

Sánchez et al., PRL 104, 076801 (2010) 

Vsd > U12 



Cotunneling drag mechanism 
 
 Drive current: 

Bischoff et al., Nano Lett. 15, 6003 (2015) 
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Explain current and drag in 
terms of elementary 

processes sketched here:  

•Drive: sequential 

•Nonlocal cotunneling and 
drag excursions around 

the triple point 

• -> energy transfer drag 

•Direction of the drag 
current 

• Conditions for drag!! 

• Similar to charge 
pumping 

 

Nonlocal cotunneling process 

mediated by the Coulomb interaction 

Drag current (cotunneling): 

KK & A.-P. Jauho, PRL 116, 196801 (2016) 

Vsd < U12 



Tunneling-induced  
transition rates: 

Master equation approach 
 
 

Bischoff et al., Nano Lett. 15, 6003 (2015) 
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Sequential tunneling                         Cotunneling 

energy dependent! 
→ 



Transport currents 
 
 

Bischoff et al., Nano Lett. 15, 6003 (2015) 
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Charge current                           Heat current 

KK & A.-P. Jauho, PRL 116, 196801 (2016) 

N. Walldorf, A.-P. Jauho & KK, in preparation 

Bischoff et al., Nano Lett. 15, 6003 (2015) 

Turek & Matveev, PRB 65, 115332 (2002) 

Heat tunnel rates: 

 

 
 

Regularization: 

Sequential                                    Cotunneling 



The drag current 
 
 

Bischoff et al., Nano Lett. 15, 6003 (2015) 

9 

Direction of drag has a 
nontrivial dependence on the   

1) Derivative and 

2)  Strength of lead couplings 

• Diagonal quadrants: derivative 
same sign 

1) strength same on diagonal –
> no drag 
2) off the diagonal -> different 
strength which determines the 

sign 

• Off-diagonal quandrants:  
- absolute value of derivative 

equal -> strength factor in 
numerator and denominator 
cancel 

• If derivatives differ, this will not 

be the case 

 



Gate and bias dependence 
 
 

~Vsd 

~Vsd
2 

~logVsd 

Bischoff et al., Nano Lett. 15, 6003 (2015) 
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Drive 

Drag 

Characteristics of currents 
(dashed lines -> stability) 

• Left: vs gates at fixed bias, and 

• Right: current vs bias at the 
gate voltages marked by dots 

Drive current 

• Seq. + cotun background 

• Nonlocal cotun at center 

• Linear in V -> const at high 

Drag current 

• Limited region due to quenched 

nonlocal  

• Pure cotun + cotun-assis. 

• Quenched + V^2 + log 
behavior 

Nonlinear in Vsd even at 

Vsd <<kBT ; like drag in 

coupled QPCs: 

 

 

High-bias regime: 

Sánchez et al., PRL  

104, 076801 (2010) 

Levchenko & Kamenev,  

PRL 101, 216806 (2008) 



Heat currents 
 
 

Bischoff et al., Nano Lett. 15, 6003 (2015) 
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drag 

Vsd,kT ~< U12 

d 

drive 

drive 

drag 

Vsd,kT << U12 



Thermoelectric effects 
 
 

Bischoff et al., Nano Lett. 15, 6003 (2015) 
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• Numerical method for the calculation of transport 
currents in interacting QD systems taking into account 
(i) energy-dependent lead couplings, and (ii) 
cotunneling processes. 

• Coulomb drag is inherently nonlinear and its direction is 
determined by the energy dependence of the lead 
couplings. 

• Accompanying energy currents give rise to interesting 
thermoelectric properties.  

• Thermoelectric performance (i) can be boosted by 
engineering of the lead couplings, and (ii) is limited by 
cotunneling processes for large couplings 

Summary 
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