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Outline: 

• Superfluid spin transport in an insulating 
antiferromagnet  with U(1) symmetry. 

• Integer quantum Hall states and realization of the 
canted antiferromagnet state in graphene. 

• Proposal for injection of spins and detection of the 
spin current in a graphene sheet. 

 



Spin Superfluidity 

Spin systems where Hamiltonian has   rotational 
symmetry about the z-axis (in spin space).                
(“U(1)” symmetry) 

 But ground state spontaneously breaks that symmetry. 

• Eg. Easy-plane ferromagnet or antiferromagnet. 
Magnetization can point anywhere in x-y plane. 

“U(1)” symmetry    Total Sz is conserved.  



Heisenberg antiferromagnet with external 
magnetic field in the z direction   

• Spins on a  lattice with  two interpenetrating sublattices.  
Neighboring spins sit on opposite sublattices.  (Eg, a simple 
square lattice.) 

• Zero field Hamiltonian: H0 =   J Σnn Si Sj 

• Σnn   = sum over nearest neighbor pairs. J > 0 .     

• Ground state of H0: (Néel State) --  Spins point in opposite 
directions on two sublattices.   

 

 



Heisenberg antiferromagnet with external 
magnetic field in the z direction   

• Zero field Hamiltonian: H0 =   J Σnn Si Sj 

• H0 has  SU(2) symmetry.  Ground state has spontaneous 
broken symmetry. 

• Energy is independent of overall direction.  

•  External field B breaks symmetry of H down to U(1).    

 

 



Heisenberg antiferromagnet with external magnetic field in the  
z direction (continued) 

If B is not too large: Ground state is a           

Canted Antiferromagnet (CAF)  

• Applied magnetic field B causes staggered spin N = (SA-SB)  to lie in 
the x-y plane. 

• Then individual spins can tilt slightly in the z-direction, gain energy 
from the Zeeman field.   

• Energy is independent of  orientation of N within x-y plane. 

A B 



Canted Antiferromagnet (T ≠ 0) 

• Let  <Nx+iNy> = N eiφ .  Thermal equilibrium state has N > 0,  for T<TC .  
Energy is independent of φ , but minimum energy requires that  φ  be 
independent of position. Gradients in φ cost energy proportional to           
|grad φ|2 .  Value of N depends on T and B. 

• In thermal equilibrium, total magnetization m0 = <Sz> is determined by 
value of B and T.    

• System with small deviations from equilibrium, where m and φ vary slowly 
in space, energy is given by: 

 

where ε(m) is a function of m with a minimum at m = m0. 



Equations of motion 

• System with long-wavelength fluctuations, close to thermal 
equilibrium 



Remarks 

• Equations hold at any T < TC and are exact in the long-

wavelength limit. 

• For T ≠ 0,  thermodynamic functions are defined  at constant 

entropy density.  

• Derivation may be found in:  B. I. Halperin and P. C. Hohenberg, 

A Hydrodynamic Theory of Spin Waves, Phys. Rev. 188, 899 

(1969).  

• Equations lead to spin waves with linear dispersion,                    
c= (ρS /χ)1/2.  Undamped at long wavelengths.  



Steady state solutions  

(Infinite system) 

For a finite sample,  js and m will be determined by boundary 
conditions. 



CAF between two conducting reservoirs 

μL 
μs 

μR 
 

CAF 

                            Js  =  (μL – μs) GL  =  (μs – μR) GR ,  

where  GL and GR are contact spin conductances, determined by exchange 
interactions between the CAF and the reservoirs.    Then  

                        Js = (μL – μR) GLR ,             GLR
-1 = GL

-1 + GR
-1  , 

independent of the length of the CAF region. 



Comparison:  Paramagnetic state, T>TC 

• For T>TC :     ρs = 0.       js = σs  grad μs . 

 

• Total spin conductance GLR ≈ (σs/L),  when length L of 
CAF region becomes large. 



Caveats 

• Superfluid spin transport will break down if spin current 
becomes too large. 

• U(1) symmetry is never perfect.   

• In conventional antiferromagnets, spin-orbit coupling + crystal 
fields give anisotropy terms, tend to favor discrete directions 
for N within the x-y plane.  Requires that μs exceed a finite 
threshold before super transport occurs.   

• Non-conservation of Sz  =>  spin current will fall off if L 
becomes too large. 

• CAF state in graphene is ideal because spin-orbit coupling and 
anisotropy should be extremely small. 





Quantum Hall Effect and CAF State in Graphene 

Recall:  Key properties of graphene. 

• Atoms on a honeycomb lattice, two atoms per unit cell. 

• For B=0: Band structure has two Dirac points in the Brillouin 

zone, labeled K and K’.   Dispersion is a linear function of 

momentum near these points. Fermi level passes through 

Dirac points for neutral graphene.  

k 

ε 
EF 



Landau levels in single-layer graphene 

Graphene in a perpendicular magnetic field B:  Ignore 
electron-electron interactions and Zeeman energy. Find  
Landau levels, with energies: 

EN = ±  const. × |N B |1/2,   N = 0, ±1, ±2, ±3, ... 

Each orbital state is four-fold degenerate: 

Spin index  σ =±1.    Valley index  τ=±1  ( K vs K’ ) .   

Refer to combination (σ,τ) as “hyperspin”.   



Quantum Hall Effect in Graphene 
 

• Orbital states are four-fold degenerate:                                       

2 valleys  x   2 spin states. 

• In neutral graphene, zeroth LL is half 

full. 

• Ignore electron-electron interactions, 

and any terms which split the spin and 

valley degeneracies. Quantized Hall 

states occur when Fermi level is in a 

gap between Landau levels.   

• Gives Hall conductance  σxy = ν  e2/h       

 ν = 4(N+1/2) = ...-6,-2, 2, 6… 

(=  number of excess electrons per 

flux quantum ) 

 

• Electron-electron interactions lead to 

energy gaps at all integer fillings, and 

some fractions. 
 

 
K. S. Novoselov et al., Nature. 438, 197-200 (2005). 

Y. Zhang et al., Nature. 438,  201-204 (2005). 



Effect of interactions 

Long-range part of Coulomb interactions is invariant under SU(4) 
transformations in hyperspin space.  

SU(4) symmetry is explictly broken by Zeeman energy and by 
short-range part of the electron-electron interaction—gives 
rise to “valley-anisotropy terms”, which depend on valley 
index. 

Symmetry breaking terms are small compared to SU(4) invariant 
part of interaction, but may play a crucial role in the physics.     

Even in the absence of explicit symmetry breaking terms,      
SU(4) symmetry would generally be spontaneously broken 
whenever Landau level is partly filled. 



Graphene at ν=0. 

Zeroth Landau level is half full. 

Coulomb interactions lead to state with two hyperspin 
states occupied, two empty, large energy gap. 

The Zeeman term favors electrons with spin “up”. If we 
ignore valley anisotropy terms, we would expect that 
states with spin up will be occupied, spin down empty. 

Energy gap would be the sum of the Zeeman energy and 
the (much larger) exchange interaction energy.   

But transport experiments say this is not the case. 

 

 



Graphene at ν=0. 

If state were spin polarized, the bulk would be insulating, but 
there should be gapless edge modes, producing a finite 
conductance, of order e2/h, in standard Hall geometry.  
[Levitov, Lee, and Abanin; Fertig and Brey (2006)]. 

Experiments (Beginning with Ong group) show strong insulating 
behavior at ν=0.)    

Conclusion:  valley anisotropy must be bigger than Zeeman 
energy, and coupling constants must have the correct sign, so 
that ground state is not spin polarized.    

If you apply a large in-plane field, increases Zeeman energy but 
do not change interaction energies, observe transition to fully 
spin-polarized state, edge conduction sets in. 



Canted Antiferromagnet State 

• Detailed analysis of experiments at ν=0 by Kharitonov suggests that 
the ground state is a canted antiferromagnet. 

• Equal populations of sublattice A and B, but spins want to align in 
opposite directions on the two sublattices. (In the N=0 LL, electrons 
from different valleys sit on opposite sublattices.)  

• Zeeman field causes spins to lie primarily in the x-y plane, with 
small tilt into the z-direction. 

A B 



Graphene at ν=0. 

Energy levels near a sample edge. 

(a):   Non-interacting electrons without Zeeman field 

(b):   Non-interacting electrons with Zeeman splitting.  Gapless edge states at 
the Fermi level. Spin-up and spin-down move in opposite directions. 



Edge States at ν = 0.  Monolayer Graphene 

Energies as a function of position, for three values of the Zeeman field, at 
fixed BZ. 

 
[From Kharitonov (2012)] 





How does one create and detect spin 
currents in CAF graphene?  

• We propose to use a gated structure, control 
densities so that different regions are in 
quantum Hall states with ν=-2 and ν=-1, as 
well as in  ν=0 CAF state. 



Boundaries of Quantized Hall States 

• Boundary between ν=-2, vacuum: two co-propagating  edge 
modes, with opposite spins.  

• Boundary between ν=-1, vacuum: single edge mode, with σz= +1.  

• Boundary between ν=-1, -2: single edge mode, with σz= -1.  



Boundary between  ν=-2 and  ν=0 CAF 
• Two co-propagating edge states with spins that are almost opposite to 

each other. Spin directions are perturbed due to exchange with CAF state.  



Spin injection and detection 

• Different voltages applied to two left-hand contacts produce 
different chemical potentials for red and blue states on left, 
injects spin into CAF. 

• Spin imbalance in CAF pumps different voltages for red and 
blue states on right. Leads to voltage difference between two 
contacts on right. 



Dynamic description 

• Imbalance between spins on the left is relaxed by spin flips which transfer 
angular momentum to the CAF, and results in global rotation of the 
staggered magnetization N.  

• Rotating N pumps spin-flips on the right hand side, leading to imbalance 
between red and blue channels => voltage difference between two 
contacts on the right.  



Summary of proposed experiment 

• Experiment measures voltages and currents, does not 
measure spins directly. 

• If one applies equal voltages to the left contacts and grounds 
the right contacts, there should be no current flow into them, 
because the CAF state is a good insulator. 

• If one applies  different voltages to the left contacts there 
should be voltage difference between right  contacts and/or 
current flow between them (depending on contact series 
resistance).  



Open questions 

• What is the dominant microscopic  mechanism for 
spin exchange between the CAF and the edge states 
at the boundary to ν=-2?  

• How efficient is this process? 

• Are there remaining mechanisms than can relax the 
total spin, and how large are they? 

 


