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Abstract
The Fermi edge singularity (FES) is a prominent manifestation of the Coulomb interaction. It can
be observed in a controllable way by studying the transport through a quantum dot (QD), which is
electrostatically coupled to the leads. In this work we study how FES affects higher-order tunnelling
processes (co-tunnelling). To address this problem we use the bosonic description of the electrons in
the leads, which naturally accounts for the Coulomb interaction. We report the multiscale dependence
of the current through the QD on the energy of the QD level and on the bias between the leads ob-
tained for the limit of large and small bias. The new universal powers are determined by the scattering
phases due to the interaction of electrons in the leads with charge on the QD.

Introduction

Coulomb blockade [1, 2]

For a small QD the charging energy EC = e2

2C becomes comparable to other energy-scales. The QD
acquires the gap in its spectrum of the order of EC . If one adjusts the voltage applied to the contacts
the transport through the QD is possible. The charging energy forces the processes of electron tun-
nelling on and out of the dot become correlated, since having two excess particles on the QD requires
the energy of the order of EC . Therefore, the transport through the dot is possible in the sequential
tunnelling regime.
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Figure 1: Schematic picture of the energy structure of the system in the Coulomb blockade regime. The electrons and
the holes from the contacts don’t have enough energy to tunnel on the QD.

Fermi edge singularity[3]
The Fermi edge singularity(FES) is interaction-related effect which was initially observed as the
singularity in X-ray absorption spectra in metals. This singularity appeared at the energies that cor-
responded to the energy of the level on the impurity. The singularity develops as the effect of the
interaction of the charged by the radiation impurity with the Fermi sea. This interaction is two-fold:
on the one hand, the electron excited from the impurity interacts with it by itself (”Mahan contribu-
tion”), on the other hand, due to the interaction all the Fermi sea is transferred into different state
nearly orthogonal to initial one, so-called ”orthogonality catastrophe” (”Anderson contribution”).

The same effect could be observed in a controllable manner in the QD-based systems, particularly,
in the Quantum Hall (QH) regime where the edge channels are strongly coupled by Coulomb inter-
action.
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Figure 2: Deep impurity is exited by the radiation. The singularity in the absorption curve develops at corresponding
energy.

Co-tunnelling [4]
If the sequential tunnelling is suppressed by the charging energy, the higher order processes give the
main contribution. Since an additional electron can’t occupy the dot, it stays on it due to the quantum
fluctuations for the time-scale ∼ ~/EC and then tunnels to another electrode.

Interaction effects should modify a simple co-tunnelling picture and FES-related effects should be-
come prominent. Moreover, the co-tunnelling regime provides additional freedom, since the effect of
the FES becomes dependent on two parameters: the bias between the contacts and the energy level
on the QD.

The model
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Figure 3: A particular example of a more general system considered in this paper is schematically shown. This is a typical
set-up for studying of the QH effect at filling factor ν = 2. The QD is coupled by the Coulomb interaction (green line)
to the surrounding transport channels. The electrons tunnel from the left voltage-biased channel to the right grounded
channel through the virtual states of the QD.

The total Hamiltonian consists of four terms

H = H0 + Hd + Hi + Ht,

where the Hamiltonian of the electronic channels reads

H0 =
1

2

∫
dx

∑
a

vaρ
2
a(x) +

1

2

∫
dxdy

∑
ab

ρa(x)Vab(x, y)ρb(y).

Here, the first part describes the free propagation of the charge densities ρa(x) with the speeds va, and
a enumerates channels. The second part accounts for the density-density interactions characterized
by the Coulomb potentials Vab(x, y). For the particular set up shown on Fig. 3 only left and right
channels denoted by L and R are coupled to the QD by the tunnelling Hamiltonian.

The QD Hamiltonian is
Hd = εd†d

The effect of FES arises in due to the Coulomb interaction between the electron on the quantum dot
and those in the channels

Hi = d†d
∫
dx

∑
a

Ua(x)ρa(x),

where Ua are the Coulomb potentials.
The tunnelling Hamiltonian that transfers electrons between the channels in the vicinity of the QD

and the QD level
Ht = d†

∑
a

τaψa(0) + h.c.

Bosonic representation of the fermion operators: ψa(x) ∝ eiφa(x).
The trick is to apply unitary transformation that eliminates the interaction term Hi and then account

for the tunnelling perturbatively.
The tunnelling terms acquire the form

H̃t = AL + AR + h.c.,

AL = τLd
†eiφL−i

∑
a ηaφa,

AR = τRd
†eiφR−i

∑
a ηaφa,

where ηa are the absolute values of the charges accumulated in the channels as a result of screening
of the extra electron on the QD.

Perturbation theory
Making the perturbation expansion in the tunnelling Hamiltonian H̃t the following expression for the
co-tunnelling current is obtained

I =

∫ ∞
−∞

dt

∫ t

−∞
dt1

∫ 0

−∞
dt2〈Â

†
L(t1)ÂR(t)Â

†
R(0)ÂL(t2)〉.

Since all the channels are in equilibrium in the absence of perturbation, all the correlators are Gaus-
sian.

Related results
If there is no interaction between QD and the contacts the co-tunnelling current is given by

I ∝ ∆µ

ε(ε−∆µ)
.

We also want to compare the FES in the co-tunnelling regime with its manifestation for the system in
the sequential tunnelling regime. In that case the power-law dependence for the current from the left
contact to the QD is given by the expression

I ∝ 1

(∆µ− ε)αL
,

where αL = 2ηL −
∑
a η

2
a and its first term corresponds to the ”Mahan contribution” and the second

one corresponds to the ”Anderson contribution”.

Results
The asymptotic expression for the co-tunnelling current could be obtained for two limiting cases:
small bias ∆µ � ε and large bias ∆µ � ε − ∆µ, when the Fermi level in one contact gets close to
the energy level on the QD.

Small bias

I ∝ ∆µ

ε2+αL+αR
, ∆µ� ε.

This result for the small QD could be generalized to the case of the metallic QD when the mean
level-spacing δs becomes much smaller than the charging energy EC . If the co-tunnelling is inelastic
(∆µ� δs) I ∝ ∆µ3

δ2sε
2+αL+αR

. For the elastic case (∆µ� δs) I ∝ ∆µ
δsε1+αL+αR

.

Large bias

I ∝ 1

εαR(ε− µ)1+αL
, ∆µ� ε−∆µ.
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