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Abstract
The effect of optical nonlinearities on the formation of the near-field images over a
semiconductor surface is studied by Green’s function methods in the case of a nonequilibrium
exciton distribution generated by a strongly focused laser pulse. It is shown that inclusion of
the third-order nonlinear susceptibility in the system dramatically changes the near-field
images if the excitonic system is in resonance. Our calculations predict the dynamic
configurational resonances arising as peaks on a ∼1 ps timescale in the intensity of the
near-field image in the far-field pump–near-field probe experiments. For all other cases it is
shown that the role of nonlinearity in the formation of the near-field images is insignificant.
These results anticipate a further deep insight into exciton dynamics under incoherent
nonequilibrium carrier distributions and provide better understanding of ultra-fast near-field
experiments.

Keywords: excitons, diffusion, Green’s function methods, near-field scanning optical
microscopy, optical images, optical nonlinearities

(Some figures may appear in colour only in the online journal)

1. Introduction

The study of the optical properties of semiconductor surfaces
is an important problem in the current development of
micro- and nano-physics. Various non-destructive light-based
and electron-based methods have been developed for this
purpose, including, e.g., second harmonic spectroscopy,
ellipsometry, reflection anisotropy spectroscopy, electron
energy loss spectroscopy, and various other far-field optical
spectroscopies. A more recent development is near-field
scanning optical microscopy (NSOM) [1–6]. Many of these
techniques are of limited use for ultra-fast dynamical
processes such as the relaxation, transport or dephasing

of excitons and charge carriers in subsurface domains of
semiconductors and semiconductor nanostructures. Ideally,
experimental studies of such processes require combined
ultrahigh spatial temporal resolution. Ultra-fast near-field
spectroscopy, offering subwavelength spatial resolution in
the range 10–100 nm and femtosecond temporal resolution
is in principle able to satisfy these requirements [7–9].
The theoretical description of such experiments, however,
is challenging. It often requires the solution of the space-
dependent Maxwell–Bloch equations [10–12] in spatially
inhomogeneous media. In this set of coupled equations,
the propagation of the space-dependent classical light field
is modelled on the basis of Maxwell’s equations. Its
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interaction with and the dynamics of the charge carriers
in the semiconductors is described in a density-matrix
approach on the basis of the (semiconductor) Bloch equations.
The numerical treatment of coupled Bloch equations is
challenging and has so far been done only for a few
selected examples [13–21]. The theoretically modelling
can be simplified considerably by assuming incoherent
nonequilibrium carrier distributions, i.e., by restricting the
discussion to timescales beyond the dephasing times of
interband or exciton polarizations. In this incoherent limit,
the spatio-temporal transport of optical excitations in the
semiconductor is governed by drift-diffusion processes and
the dynamics of incoherent carrier populations is described
by Boltzmann transport equations. Indeed, various recent
ultra-fast near-field experiments have been performed in this
incoherent limit [8, 9, 22–25]. In our previous studies [22,
26, 27] we considered the linear optical response of
semiconductors with spatially inhomogeneous incoherent
nonequilibrium carrier distributions. However, the inclusion
of optical nonlinearities into the consideration is principally
important because typically NSOM experiments are carried
out using a strongly focused laser pulse in order to
enhance the optical signals for detection. Therefore, in this
paper, we include the non-coherent optical nonlinearities
and develop a method exploiting the exact solution of the
Lippmann–Schwinger equation to calculate near-field images
of semiconductor surfaces with a spatially inhomogeneous
exciton distribution with this inclusion. Such an inclusion
significantly complicates the calculations. But we expect that
nonlinearities must be especially significant in the case when
the excitonic system is in resonance. Indeed, due to a slow
spatial change of the exciton distribution one can expect
a spike-like response of the system for certain distances
between the probe and exciton dipoles by analogy with tuning
a Fabry–Perot cavity. To the best of our knowledge, such a
problem has not yet been considered theoretically, in spite of
its importance in understanding exciton dynamics in ultra-fast
near-field experiments.

2. The electrodynamic response of subsurface
domains with inhomogeneous exciton distributions

To simulate near-field images of a semiconductor surface
with an inhomogeneous exciton distribution we used the
so-called far-field pump/near-field probe geometry [23, 28]
shown in figure 1. In this geometry, the probe pulse is sent
through a tapered near-field fibre probe, whereas the pump is
focused onto the sample by a far-field (f = 8 cm) lens. The
NSOM fibre probe is raster-scanned over the semiconductor
surface. As a probe beam we consider the light emitted
by the tip of a chemically etched, uncoated optical fibre,
which is approximated by a small spherical particle. The
self-consistent field created in the semiconductor generates
the currents emitting the field that is collected in the far
field, spatially and spectrally filtered and detected with a
photodiode. The time resolution of typical ultra-fast near-field
experiments reported in the literature [23] is on the order of
100 fs.

Figure 1. Setup of calculation. Semiconductor is located in the
lower semi-space (z > 0).

Let us consider a semiconductor surface illuminated with
a strongly focused Gaussian-like light pulse with a photon
energy matching the energy of the exciton transition. After
photon absorption a nonequilibrium exciton distribution is
generated below the semiconductor surface, which is assumed
at low temperature. The spatial structure of the initial exciton
distribution below the surface is determined by the shape of
the light pulse and absorption properties of the semiconductor.
We assume that immediately after the interaction with the
pump pulse the generated exciton distribution reproduces
the shape of the intensity profile of the pump light and
holds a Gauss-like shape in the (x, y) plane (parallel to
the semiconductor surface) but changes according to the
absorption law along the z axis (normal to the semiconductor
surface) following

δn(x, y, z, t = 0) = nm exp

{
−

x2

2σ 2
xy
−

y2

2σ 2
xy
−

z

2σz

}
. (1)

Here nm is the maximum exciton concentration generated in
the centre of the light spot at the semiconductor surface, σxy
is the width of the Gauss-like distribution in the (x, y) plane
(determined by the width of the light pulse), and σz is the
characteristic length of light penetration inside the sample
(this parameter determines the absorption properties of the
semiconductor and can be expressed through the absorption
coefficient α as α = 1/2σz).

We assume that this nonequilibrium exciton distribution
is now probed via the probe pulses coupled through the
NSOM fibre at time delays t between the pump and the probe
pulses which are longer than the exciton dephasing times
of typically a few tens to a few hundreds of femtoseconds.
Then, all the initially created coherent exciton polarization
will have decayed and an incoherent exciton distribution δn(t)
will be left in the sample. The spatio-temporal evolution of
this exciton distribution (1) is described by the continuity
equation:

∂δn

∂t
= −

1
e

div(Ej)− R. (2)

Here R is the exciton recombination rate. We assume for
simplicity that we can neglect energy relaxation phenomena
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within the exciton distribution and take only diffusion and
recombination phenomena into account. In principle, energy
relaxation phenomena within the manifold of exciton states
can be accounted for by replacing equation (2) with a set of
Boltzmann transport equations for the exciton distribution.
The exciton recombination rate is

R = −
δn

τ
(3)

with τ being the exciton lifetime. The current Ej contains only
the diffusion component

EjD = −D∇δn, (4)

with D being the diffusion constant.
After substitution of equations (3) and (4) into equation (2)
one gets

∂δn

∂t
= D1(δn)−

δn

τ
. (5)

We restrict the present discussion to bulk semiconductors,
where the diffusion coefficient D is spatially homogeneous
and the diffusion current at the surface is equal to zero. The
boundary condition for normal components of the current is
thus given as

jD|z=0 = 0. (6)

Obviously, this boundary condition can be rewritten in the
form

∂δn

∂z

∣∣∣∣
z=0
= 0. (7)

In order to find an expression describing the evolution
of the nonequilibrium exciton concentration, equation (5) has
to be solved with the boundary conditions (equations (1) and
(7)). By replacing

δn(x, y, z, t) = exp(−t/τ)u(x, y, z, t), (8)

equation (5) reduces to the following form

∂u

∂t
= D1u, (9)

with the boundary conditions

u(x, y, z, t = 0) = nme
−

x2

2σ2
x
−

y2

2σ2
y
−

z
2σz
,

∂u

∂z

∣∣∣∣
z=0
= 0.

(10)

The solution of equation (9) is

u(x, y, z, t) =
∫
∞

−∞

dx′
∫
∞

−∞

dy′
∫
∞

0
dz′ u(x′, y′, z′, t = 0)

× g(x, y, z, x′, y′, z′, t), (11)

where g(x, y, z, x′, y′, z′, t) is the Green’s function of
equation (9) with the boundary conditions (10). The explicit

form of the Green’s function is [29]

g(x, y, z, x′, y′, z′, t) =
1

4πDt
e−

(x−x′)2+(y−y′)
4Dt

2

×

(
1

(4πDt)1/2
e−

(z−z′)2
4Dt

+
1

(4πDt)1/2
e−

(z+z′)2
4Dt

)
. (12)

Using the next standard integral∫
∞

0
e−xErfc(b+ cx) dx

=


c < 0, Erfc(b)+ e

1
4c2−

b
c

(
Erf

[
b+

1
2c

]
+ 1

)
c = 0, Erfc[b]

c > 0, Erfc(b)− e
1

4c2−
b
c Erfc

[
b+

1
2c

]
,

(13)

one can calculate the integral in equation (11). Taking into
account equations (8) and (11), the nonequilibrium exciton
concentration is derived,

δn(x, y, z, t) = nme−
t
τ e
−

x2
+y2

2σ2
xy+4Dt

σ 2
xy

2(σ 2
xy + 2Dt)

×

(
e

Dt
4σ2

z
−

z
2σz Erfc

[√
Dt

2σz
−

z

2σz

]

+ e
Dt

4σ2
z
+

z
2σz Erfc

[√
Dt

2σz
+

z

2σz

])
. (14)

Here σ 2
xy = σ

2
x +σ

2
y . Equation (14) predicts the effect of carrier

diffusion on the spatio-temporal exciton distribution.
In the following, we are interested in describing nonlinear

near-field pump–probe experiments probing nonstationary,
spatially localized incoherent exciton distributions. In this
case, the dominant optical nonlinearity often is the pump-
induced bleaching of the local absorption α(Er, ω, t) =

αB(Er, ω) + αX(Er, ω) ·
(

1− δn(Er,t)
nS(Er)

)
. Here, αB(Er, ω) reflects

background absorption unaffected by the exciton resonances.
αX(Er, ω) = const · Im(χ (L)(Er, ω)) is the resonant, linear
exciton absorption, proportional to the imaginary part of
the linear exciton susceptibility χ (L)(Er, ω) and ns(Er) is
the (local) exciton saturation density. Such experiments
are often performed using modulation techniques probing
only the pump-induced change in the optical properties,
e.g., differential nonlinear absorption spectroscopy probing

δα(Er, ω, t) = αX(Er, ω) ·
(
−
δn(Er,t)
nS(Er)

)
. We assume the use of

such a modulation technique and also that interference
effects between the probe laser induced electromagnetic fields
radiated from this nonequilibrium exciton distribution and any
probe laser induced background fields reaching the detector
can be neglected.

In this limit, the presence of δn(Er, t) gives rise to a local

polarization inside the semiconductor EP(L)(ER, t) =
↔
χ
(L)
(ER, t)·

EEp(ER, t), which is given by the local electric field EEP(Er, t)
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induced by the probe laser and the linear susceptibility tensor
of the form

χ
(L)
jl (ER, t) = δjlχ($, nm)e−

t
τ e
−

x2
+y2

2σ2
xy+4Dt

σ 2
xy

2(σ 2
xy + 2Dt)

×

(
e

Dt
4σ2

z
−

z
2σz Erfc

[√
Dt

2σz
−

z

2σz

]

+ e
Dt

4σ2
z
+

z
2σz Erfc

[√
Dt

2σz
+

z

2σz

])
. (15)

The maximum susceptibility χ($, nm) for the exciton
distribution is equal to [30, 31]

χ($, nm) =
εωLT

$0 −$ − iγ
a3

Bnm. (16)

Here $ is the frequency of the incident light, ε the dielectric
constant of the semiconductor, $0 is the resonance frequency
of the exciton, aB is the Bohr radius, γ the homogeneous
broadening of the excitonic resonance caused by exciton
phonon scattering and many-body interactions and ωLT is the
exciton longitudinal–transverse splitting.

In addition to this contribution from the nonequilibrium
exciton distribution, other sources for a nonlinear polarization
of the semiconductor may exist and are often cast into the
form

Pi(ER) = χ
(L)
ij (ER)Ej(ER)+ χ

(N−L)
ijkl (ER)Ej(ER)E

∗

k (
ER)El(ER),

(17)

with χ (N−L)
ijkl being the tensor for the third-order nonlinear

susceptibility of the bulk semiconductor, which can be
calculated (see, for example [32]) but it is out of the scope of
this study. We neglect in the following second-order optical
nonlinearities, which may, in centrosymmetric materials,
contribute near the surface of the semiconductor. The spatial
dependence of this third-order tensor may of course differ
from that of the nonequilibrium exciton gas χ

(L)
ij (see

equation (15)). In many experiments, the components of the
tensor χ (N−L)

ijkl are much smaller than those of χ (L)ij . This
allows us to make the next approximation

ji(ER) = χij(ER)Ej(ER), (18)

with

χjl(ER
′) = χ

(L)
jl (ER′)+ (χ (N−L)

jklm (ER′)3km

+ χ
(N−L)
jkml (ER′)3km + χ

(N−L)
jlkm (ER′)3km), (19)

3km = E(L)k (ER′)(E(L)m (ER′))∗ (20)

where E(L)k (ER) is the field in the case of the absence of a

nonlinearity (χ (N−L)
ijkl = 0).

3. Modelling SNOM illumination

In the geometry shown in figure 1 we assume a geometry
similar to that in recent experiments [23, 24, 33]. It is
also assumed that both pump and probe laser pulses are

sufficiently short so that the local-field nonequilibrium exciton
distribution can be considered as being static during the
presence of the laser pulses (requiring a time resolution of the
experiment of less than ∼100 fs). Also the size of the NSOM
probe, i.e., the spatial resolution of the experiment, should
be much smaller than the characteristic linear dimensions of
the studied object (in our case—the exciton distribution) and
is raster-scanned along the surface. The field emitted by the
NSOM probe then generates the local polarizations inside the
object. These polarizations are the source of the re-emitted
propagating electromagnetic field reaching the detector in the
far-zone. This field depends on the distribution of the local
field inside the object. The strength of the field at the detector
as a function of the probe coordinates, called the near-field
image, can be written as

W =

∣∣∣∣∫
VS

dER′
↔

G (
⇀

Rd, ER
′, ω)EP(ER′, ω)

∣∣∣∣2 , (21)

where
↔

G (ER, ER′, ω) is the Green’s function of the unperturbed
semiconductor semi-space, Vs = {x, y ∈ (−∞,∞); z ∈
(0,∞)} is a ‘volume’ of the object. It should be noted that
the distance Dr = |ERd − ER0| between the surface and the
detector at position ERd is considerably larger than the linear
dimensions of the ‘object’. Here we use exciton diffusion
lengths of the order of 100–1000 nm and the characteristic
dimension of the exciton distribution, namely the width of
the exciton distribution, is to be σ ∼ 102–103 nm. Typical
detection distances are in the cm range, Dr ∼ 107–108 nm.
One can therefore assume that only diagonal components of
↔

G (ER, ER′, ω) contribute to the intensity in equation (7). This
means that, within the order of (σ/Dr)

2
∼ 10−10, the detected

intensity is given by

W = |Gii(ERd, ER0, ω)|
2
∣∣∣∣∫

VS

dER′ Xij(ER
′, ω)E(0)j (ER′, ω)

∣∣∣∣2 ,
(22)

where R0 is the coordinate of the centre of the object,
↔

X
(ER, ω) is an effective susceptibility tensor which connects
the microscopic polarization EP(ER, ω) with the external field
EE(0)(ER, ω) via

EP(ER, ω) =
↔

X (ER, ω)EE(0)(ER, ω). (23)

Taking into account that the distance Dr = |ER − ER0| is
essentially constant during the scanning, that the effective
susceptibility Xij(ER, ω) depends on the location of the probe
(ERp), and that the external field EE(0)(ER, ω) changes slowly at
distances of the order of σ , the intensity of the i-polarized
field, which forms the near-field image for the j-polarized
external field, can be finally written as

W = const · N(ij)(ER
p, ω)|E(0)j (ER0, ω)|

2, (24)

where const = |Gii(
⇀

Rd, ER0, ω)|
2 is a characteristic of the

setup and does not change during the measurement, and

N(ij)(ER
p, ω) =

∣∣∣∣∫
VS

dER′ Xij(ER
′, ERp, ω)

∣∣∣∣2 . (25)
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Figure 2. Different types of Green’s function.

Then, the value N(ij)(ERp, ω) which depends on the local-
field distribution defines the near-field image. This value
determines how the ith component of the field reaches
the detector at the coordinates ERp of the NSOM probe.
Since near-field imaging generally involves considerable
polarization mixing, the intensity of the ith component of
the field at the detector depends in general on all three
components j of the external field. Thus in order to calculate
the near-field image one needs to calculate the effective
susceptibility of the ‘object’.

4. Effective susceptibility

In this section, we will now outline a scheme for calculating
the effective susceptibility in the system under consideration.
First of all, we introduce two kinds of Green’s functions which
describe two different types of propagating field induced by
sources (polarizations) located above (A) and below (A′) the
surface. When a photon which is created by the source at point
A propagates to point B (see figure 2), the Green’s function
G(+−) describes the field at point B. When a photon which
is created by the source at point A′ propagates to point B′,
the Green’s function G(−+) describes the field at point B′.
For a photon being created by the source at point A, which
propagates to point B′, the Green’s function G(++) describes
the field at point B′.

Taking into account these definitions, we can write
the Lippmann–Schwinger equation in a form (ER ∈ upper
semi-space, here and below variable ω will be omitted)

Ei(ER) = E(I)i (
ER)−

∫
VS

dER′ G(++)ij (ER, ER′)χjl(ER
′)El(ER

′)

− χp
∫

Vp

dER′′ G(+−)il (ER, ER′′)El(ER
′′), (26)

where χp is the electrical susceptibility of the probe, Vp is

its volume. One should note that in equation (26) E(I)i (
ER)

means the incoming field which describes the field radiated
by the probe. The second term on the RHS of equation (26)
describes the local electric field generated at position ER′ inside
the semiconductor medium and its propagation to the detector.
The last term in equation (26) contains the scattering of the

local field by the NSOM probe. When the self-consistent local
field inside the semiconductor, i.e., in the lower semi-space, is
known, the field in the upper semi-space can be calculated,

Ek(ER
′′) = −

∫
Vs

dER′ G(−+)kj (ER′′, ER′)χjl(ER
′)El(ER

′). (27)

Taking this into account one can write equation (26) as

Ei(ER) = E(I)i (
ER)−

∫
VS

dER′
{

G(++)ij (ER, ER′)χjl(ER
′)

− χp
∫

Vp

dER′′G(+−)ik (ER, ER′′)

× G(−+)kj (ER′′, ER′)χjl(ER
′)

}
· El(ER

′). (28)

Supposing that linear dimension of the probe is much smaller
than the distances at which the local field changes notably, one
can use the following approximation∫

Vp

dER F(ER) ≈ VpF(ERp) (29)

for all functions F(ER) which are spatially slowly varying. As
a result, one can rewrite equation (28) in the standard form of
the Lippmann–Schwinger equation

Ei(ER) = E(I)i (
ER)−

∫
VS

dER′Rij(ER, ER
′)χjl(ER

′)El(ER
′), (30)

with

Rij(ER, ER
′) = G(++)ij (ER, ER′)− Vpχ

pG(+−)ik (ER, ERp)

× G(−+)kj (ERp, ER′) (31)

being the generalized photon propagator which describes both
direct light scattering (the first term on the right-hand side of
equation (31)) and indirect scattering of light by a small probe.
As was shown in [22, 26, 27], the solution of equation (30) can
be written in the form

Ei(ER) = E(I)i (
ER)−

∫
VS

dER′Rij(ER, ER
′)Xjl(ER

′)E(I)l (
ER′), (32)

with

Xjl(ER
′) = χjk(ER

′)[δlk + Slk(ER
′)]−1 (33)

being an effective susceptibility, where

Skl(ER
′) =

∫
Vs

dER′′Rkm(ER
′, ER′′)χml(ER

′′) (34)

is the self-energy part which describes the renormalization of
the linear response of the system by the near-field interactions.
Taking into account equation (31), one can rewrite the
self-energy part in a more convenient form

Skl(ER
′) = F(++)kl (ER′)− χpVpG(+−)km (ER′, ERp)F(−+)ml (ERp),

(35)

where

F(−+)ml (ER) =
∫

Vs

dER′ G(−+)mn (ER, ER′)χnl(ER
′), (36)
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F(++)kl (ER) =
∫

Vs

dER′ G(++)km (ER, ER′)χml(ER
′). (37)

Thus, the problem of calculating the near-field images of
semiconductor surfaces characterized by an inhomogeneous
exciton distribution is reduced to calculating the effective
susceptibility (equation (33)). Finally, it is worth noting
that in the above description the near-field probe was
approximated by a small spherical particle. However, the
presented calculation is also valid for different types of
probe. In this case the generalized (see equation (31)) photon
propagator which describes light scattering in the system has
to be modified in an appropriate way.

5. The field in the limit of a linear susceptibility

To calculate the susceptibility χij(ER) one first needs to find the

field in the linear approximation E(L)k (ER). Here, the index L
denotes the limit of the linear approximation, in which χij(ER)
may contain the contribution from the nonequilibrium exciton
distribution generated by the pump laser (equation (15)) but
is independent of the intensity of the probe laser. In the linear

approximation, the nonlinear susceptibility tensor
↔
χ
(N−L)

in
equation (17) vanishes.

In this linear approximation the Lippmann–Schwinger
equation has the form

E(L)i (ER) = E(I)i (
ER)−

∫
VS

dER′Rij(ER, ER
′)χ

(L)
jl (ER′)E(L)l (ER′).

(38)

Since the form of equation (38) is equivalent to the form
of equation (30), the solutions of these equations are also
equivalent:

E(L)i (ER) = E(I)i (
ER)−

∫
VS

dER′Rij(ER, ER
′)X(L)jl (

ER′)E(I)l (
ER′)

(39)

with

X(L)jl (
ER′) = χ (L)jk (ER′)[δlk + S(L)lk (

ER′)]−1 (40)

being an effective susceptibility, where

S(L)kl (
ER′) =

∫
Vs

dER′′Rkm(ER
′, ER′′)χ (L)ml (

ER′′), (41)

FL(−+)
ml (ER) =

∫
Vs

dER′G(−+)mn (ER, ER′)χ (L)nl (
ER′), (42)

FL(++)
kl (ER) =

∫
Vs

dER′G(++)km (ER, ER′)χ (L)ml (
ER′). (43)

To calculate the effective susceptibility X(L)jl (
ER′) it is necessary

to calculate the integrals FL(−+)
ij (ER) and FL(++)

ij (ER) (equa-
tions (42) and (43)). In order to perform these integrations
one needs to know the explicit form of the Green’s functions
G(−+)ij (ER, ER′),G(+−)ij (ER, ER′) and G(++)ij (ER, ER′). We performed
the calculation of these Green’s functions in the framework
of the approach reported in [31]. Namely, we performed

the inverse Fourier transformation of the Green’s function
of the two semi-spaces with flat planar interfaces written
in the Ek, z-representation [34, 35]. Using the near-field
approximation, one obtains

↔

G
(+−)

(Er, Er′) =
2k2

0

ε + 1

↔

D
(0)
(Er, Er′), (44)

↔

G
(−+)

(Er, Er′) =
2k2

0

ε + 1

↔

D
(0)
(Er−z, Er

′
−z), (45)

with Er−z = (x, y,−z), Er′−z = (x
′, y′ − z′), and

↔

G
(++)

(Er, Er′) =
k2

0

ε

↔

D
(0)
(Er, Er′)+ k2

0
↔

D
(0)
(ErM, Er

′)
↔

M . (46)

The next designations were used in equations (44)–(46): the
photon propagator for free space is written in the near-field
approximation [36]

↔

D
(0)
(Er, Er′) =

1
4π

[
1

k2
0 · R

3

↔

U −
3

k2
0 · R

3
EeREeR

]
, (47)

where
↔

U is unit dyadic, ER = Er − Er′,R = |Er − Er′|, EeR = ER/R,

↔

M=
1− ε
1+ ε

·

∣∣∣∣∣∣∣
−1 0 0

0 −1 0

0 0 1

∣∣∣∣∣∣∣ , (48)

ErM = (x, y,−z), ε is the dielectric constant of the
semiconductor, k0 = ω/c, and c is the light velocity. One
should note that in the near-field approximation the photon
propagators (equations (44)–(46)) are real only in the case
that the semiconductor dielectric constant is real. This
circumstance greatly simplifies the numerical calculations, but
is strictly valid only in the linear approximation and when
light absorption inside the semiconductor or by the NSOM
probe is neglected. In fact, in our model, the background
semiconductor dielectric constants correspond already to
the exciton absorption resonance, i.e., there is always an
absorption resonance with both real and imaginary parts of the
dielectric function. However, in the near-field approximation
(where the propagator is real) inclusion of the imaginary
part of ε into the consideration does not lead to qualitatively
different results (this was justified numerically) by the analogy
of the mean-field approximation. Besides for the calculation
we use a comparatively weak absorption (see γ ≈ 0.01$0)
and in a near-field calculation this results in a small change of
phase, which will be of the order of γ 2.

To evaluate the integral in equation (42), one can take into
account that the susceptibility of the ‘object’ (equation (15))
rapidly reduces to an infinitesimally small value when the x
and y coordinates differ strongly from 0. The Green’s function
G(−+)ij (ER, R̄′) on the other hand is a non-singular function of ER′

(ER′ 6= ER, because the source of the field is located in the lower
semi-space at point ER′, whereas the point of field observation,

6
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ER, is located in the upper semi-space). In this case

FL(−+)
il (ER) =

∫
Vs

dER′ G(−+)ij (ER, ER′)χ (L)jl (ER′)

≈ G(−+)ij (ER, 0)
∫

Vs

dER′ χ (L)jl (ER′)

= 4πσ 2
xyσzG

(−+)
il (ER, 0)χ($, nm). (49)

In contrast to the previous case, the Green’s function
G(++)il (ER, ER′) has a pole at ER′ = ER and the evaluation of the
integral in equation (43) becomes a nontrivial problem. This
problem is well known and related to the so-called radiation
reaction field. The problem can be solved in the framework of
the scheme proposed by van Bladel [37] and Yaghjian [38].
The main idea of their approach is to introduce an exclusion
volume Vδ whose depolarizing properties are accounted for by
a special source dyadic [34–36]. Then, the following relation
should be applied to calculate the self-consistent field

EE(ER) = −iωµ0 lim
δ→0

∫
V−Vδ

dER′
↔

G (ER, ER′)EJ(ER′)

−
1

iωµ0

↔

L ·EJ(ER), (50)

where
↔

L is the source dyadic which depends solely on the
geometry of the exclusion volume Vδ . The exclusion volume

removes the singularity of
↔

G and becomes infinitesimally
small when δ → 0 [39]. Taking into account that the initial

susceptibility has cylindrical symmetry, the source dyadic
↔

L
was used in a form EezEez [38]. As a result, one obtains

FL(++)
il (ER) =

∫
Vs−Vδ

dER′G(++)ij (ER, ER′)χ (L)jl (ER′)

+ χ
(L)
jl (ERδ)δizδlz. (51)

To evaluate the first integral of the right part of equation (51)
one can use a formal trick. Because

I =
∫

Vs−Vδ
dER′ G(++)ij (ER, ER′)χ (L)jl (ER′)

=

∫
Vs

dER′2(ER′) · G(++)ij (ER, ER′)χ (L)jl (ER′), (52)

with

2(ER′) =

{
0, when ER′ ∈ Vδ,

1, when ER′ 6∈ Vδ,
(53)

and since the centre of exclusion volume is located at point ER,
one can approximately write

I =
∫

Vs

dER′ 2̃(ER′) · G(++)ij (ER, ER′)χ (L)jl (ER′), (54)

with

2̃(ER′) = exp{−R0/|ER
′
− ER|}, R0 =

3
√

Vδ. (55)

Then,

I =
∫

Vs

dER′ exp{−R0/|R̄
′
− ER|} · G(++)ij (ER, ER′)χ (L)jl (ER′)

≈ G(++)ij (ER, 0)e−R0/R
∫

Vs

dR̄′ χ (L)jl (ER′). (56)

One should note that limR0,R→0G(++)ij (ER, 0)e−R0/R = 0. It
means that the approximation (55) can be used for evaluation
of equation (51). Then, using equation (55) one obtains from
equation (51)

FL(++)
il (ER) = χ (L)il (ERδ)δizδlz + 4πσ 2

xyσze−R0/R

× G(++)il (ER, 0)χ($, nm). (57)

Finally, one obtains for the self-energy part

S(L)il (
ER) = χ (L)il (ER)δizδlz + 4πσ 2

s σze−R0/RG(++)il (ER, 0)

× χ($, nm)− 4π3/2σ 2
s σzVpχ

p

× G(−+)ik (ER, ERp)G
(−+)
kl (ERp, 0)χ($, nm). (58)

Then, the effective susceptibility can be written in the form

X(L)ml (
ER) = χ (L)ml (

ER)[δil + χ
(L)
il (ER)δizδlz + 4πσ 2

xyσz

× e−R0/RG(++)il (ER, 0)χ($, nm)

− 4πσ 2
xyσzVpχ

pG(−+)ik (ER, ERp)

× G(−+)kl (ERp, 0)χ($, nm)]
−1. (59)

Let us introduce the local-field factor L(L)il (
ER) which connects

the external field with the near-field in the system

Ei(ER) = L(L)il (
ER)EI

j (
ER). (60)

Then, by using equation (39), we can rewrite the local-field
factor in the form

L(L)il (
ER) = δil −

∫
VS

dER′Rij(ER, ER
′)X(L)jl (

ER′). (61)

6. Numerical calculations

As shown in first part of this work, a prerequisite
for calculation of the nonlinear optical susceptibility in
equation (19) is to know the field in the linear approximation
for the susceptibility. This field is found using equations (59)
and (39). The integration in equation (39) can be performed
by simple numerical tabulation.

As aforementioned, the integration of the effective
susceptibility gives us the near-field image generated by the
semiconductor surface. To find the effective susceptibility in
the nonlinear case (equation (33)) it is necessary to calculate
the integrals F(−+)ij (ER) and F(++)ij (ER) (equations (36) and

(37)). Using equations (36), (37) and (19), F(−+)ij (ER) and

7
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F(++)ij (ER) can be written in the form

F(−+)ml (ER) =
∫

Vs

dER′ G(−+)mn (ER, ER′)χnl(ER
′)

= FL(−+)
ml (ER)+

∫
Vs

dER′ G(−+)mn (ER, ER′)(χ (N−L)
jklm (ER′)3kl

+ χ
(N−L)
jklm (ER′)3km + χ

(N−L)
jlkm (ER′)3km), (62)

F(++)kl (ER) =
∫

Vs

dER′ G(++)km (ER, ER′)χml(ER
′)

= FL(++)
kl (ER)+

∫
Vs

dER′ G(++)km (ER, ER′)(χ (N−L)
jklm (ER′)3kl

+ χ
(N−L)
jklm (ER′)3km + χ

(N−L)
jlkm (ER′)3km). (63)

The integration in equations (62) and (63) was performed by
simple numerical tabulation. FL(−+)

ml (ER) and FL(++)
kl (ER) have

been found analytically. 3kl is found using equations (19),
(60) and (61)

3km = L(L)kl (
ER)E(I)l (L

(L)
ml (
ER)E(I)l )

∗. (64)

Let us assume that the nonlinear susceptibility has the
form

χ
(N−L)
jklm = χ (N−L)εjklm, (65)

where χ (N−L) denotes the strength of nonlinear susceptibility,
and introduce the following dimensionless variable ξ =

χ (N−L)(E(I))2/χ($, nm), which characterizes the strength of
nonlinearity.

As far as can be seen from the analysis carried
out above, the material properties enter only via some
effective parameters and the actual band structure of the
material does not play any role here. Differences in
dynamics and/or excitation of the semiconductors are mainly
reflected via relaxation times. Therefore, for illustrative
purposes, we take a semiconductor surface with a Gaussian
distribution of excitons (equation (15)) as described above.
The distribution of excitons is characterized by a maximum
concentration nm = 1017 cm−3. The spatial dimensions of
the nonequilibrium exciton distribution are taken to be
σxz = σz = 0.2λ, where λ = 1025 nm is the wavelength
of the external microscope field. The exciton system is
characterized by a diffusion coefficient D = 12 cm2 s−1 and
a lifetime of τ = 10−12 s. We assume that the relaxation
time for excitons in the thin surface layer significantly
differs from that in bulk semiconductors and estimate the
lifetime in this region using the relation τ ∼ σ 2

z /2D [40,
41]. Furthermore, $ is the frequency of the incident light,
ε = 11.6 is the dielectric constant of the semiconductor.
These parameters are close to those observed in the Si
semiconductor [40, 41]. The resonance frequency of the
exciton was taken as $0 = 1.2 eV and its Bohr radius
aB = 4.5 nm. We assumed a homogeneous broadening of
the exciton resonance caused by acoustic phonons of γ =
0.01 meV and exciton longitudinal–transverse splitting ωLT =

0.07 meV. The frequency of the external field is equal to
ω = 1.21 eV.

Figure 3. Time dependence of the background (or zero
level-intensity on the detector without the influence of the probe
χp
= 0) of the near-field image NXX .

For a start, let us consider the system without nonlinearity
(it means that beginning from equation (17) one puts
χ
(N−L)
ijkl = 0) and without a probe (it means that beginning

from equation (26) we put χp
= 0). Using equations (25)

and (40) we have calculated the time dependence of the
background (or zero level-intensity on the detector without the
influence of the probe χp

= 0) of the near-field image NXX . In
these simulations, it is assumed that a nonequilibrium exciton
distribution is generated at time zero. The time dynamics of
this exciton distribution is then probed at a fixed position
in space with a near-field probe with a radius of 5 nm,
but with χp

= 0, i.e., neglecting indirect light scattering by
the probe. The results of the calculation are presented in
figure 3. The time unit is τ , and the background levels of
the near-field image NXX are shown in relative units. The
results of this simulation are rather surprising. Intuitively, one
might have that NXX follows the time dynamics of the exciton
distribution, i.e., decays monotonically on a timescale given
by the expected τ . Our results, however, show two pronounced
resonances at delay times of 0.3 and 1.2τ . Their appearance is
predicted also by equation (40) for the effective susceptibility,
X(L)jl (
ER′): this function has a singularity that depends on the

system geometry, i.e., the shape and dimensions of the exciton
distribution and the position of the probe tip. We believe
that these resonances reflect dynamic geometrical (called
configurational [42]) resonances of the probed system that
arise at delay times at which the denominator in equation (33)
vanishes. The peaks in figure 3 are related to the spatial
evolution of the exciton cloud, when at special spatial
configurations it occurs in resonance with the field of the
microscope. The conditions for this special configuration arise
from the definition of the configurational resonance, i.e., the
interaction of electromagnetic fields induced by an excitonic
system and the microscopic local-field enhancement [43,
44]. In turn, the geometry of the exciton distribution in the
subsurface area is determined by the intensity of the exciting
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Figure 4. NXX and NXY near-field images calculated for two cases: ξ = 0 (upper row) and ξ = 0.0001 (lower row) in the non-resonant case
of distribution #1. The graphs describe the relative change of intensity of the field at the point if the magnitude of nonlinearity ξ increases.
This point marked in the near-field image corresponds to the graph with identical colour.

radiation, the lifetime, and the diffusivity of excitons to name
a few of the factors. Thus, for a given set of parameters the
system can self-tune itself at least for two resonances, as is
shown in figure 3.

Time-independent geometrical resonances are well
known to strongly affect near-field imaging [42]. Indeed, a
theoretical analysis of the interaction between the dielectric
probe and the surface [42] carried out for near-field
microscopy predicts that there are regions close to the surface
where an enhanced field can be induced by the probe,
while, when the tip–surface distance decreases to zero, the
self-consistent field tends to zero. As a result, the resonance
interactions between the probe tip and the surface exist. These
resonances are described as configurational ones, while, for
any given dipole polarizabilities, the system can be adjusted
to resonance by varying the distances between the dipoles.
It was demonstrated [42] that the resonance coupling of
the field component perpendicular to the surface occurs at
a larger distance of the tip dipole from the surface than
that of the parallel components. It was shown also [45] that
the conditions for obtaining configurational resonances are

specific, because they depend rigidly on the frequency of light
and the probe size.

Here, we consider near-field imaging of a system
with nonequilibrium carrier distributions with time-dependent
local polarizations. Therefore strongly enhanced near-field
scattering of near-field polarization can occur at certain
instants in time, as described by the time evolution of
the effective susceptibility Xxx(t). The fact that these
dynamic resonances are so pronounced in figure 3 is rather
surprising, since previous near-field pump–probe experiments
did not show convincing efficiency for an effect of the
near-field probe on the carrier dynamics [7–9, 23–25]. These
experiments, however, have been performed with much larger
near-field probes giving spatial resolution in the 100 nm range.
Indeed, while the configurational resonances are sensitive to
the probe size and the frequency of light, they can disappear
for a larger probe size, as was proved numerically. We are
currently analysing these dynamic geometrical resonances in
more detail.

In resonance, the field in the system is greatly enhanced
and this nonlinearity plays an important role for the near-field
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Figure 5. Results of NXX and NXY near-field image simulation for two cases: ξ = 0 (upper row) and ξ = 0.0001 (low row) in the resonant
case of distribution #2. The graphs show an increase of relative intensity of the field at the point if the magnitude of nonlinearity ξ increases.
This point marked in the near-field image corresponds to the graph with identical colour.

images. The strength of χ (N−L) is small. Therefore, nonlinear
effects can be visible when the local field in the system
is high (the system is in resonance). This fact is taken
into account when the exciton distribution is studied. The
distribution is described by equation (15) at different times.
The distribution #1 is taken at the moment t = 0.5τ
(non-resonant distribution). The distribution #2 is taken at the
moment t = 1.158τ (resonant distribution). The distribution
#3 is taken at the moment t = 0.288τ (resonant distribution).
The probe radius is taken to be much smaller than the
wavelength of the long-range monochromatic external field,
rp � λ, namely rp = 5 nm. The dielectric constants for the
semiconductor and probe are taken as ε = 11.7(Si), εpr =

2.25(glass).
Now we consider the results of numerical calculations

when the probe and nonlinearities are taken into account
for the cases of distribution #1 (non-resonant configuration,
figure 4), distribution #2 (resonant configuration, figure 5),
and distribution #3 (resonant configuration, figure 6). The
figures consist of four near-field images and two graphs. The
coordinates of the near-field images in the figures are given in
arbitrary units—a/λ, with a any parameter of dimension. The
designation NXX means that near-field images are calculated

when both the illumination and detected field are polarized
along the x-axis. The designation NXY means the same for
the illumination field polarized along the y-axis and the
detected field polarized along the x-axis. Near-field images are
calculated for two cases: ξ = 0 and ξ = 0.0001. The graphs
describe the relative change of intensity at the point when the
magnitude of nonlinearity ξ increases. This point marked on
the near-field image corresponds to the graph with identical
colour.

It is seen from figure 4 that in the non-resonance case
nonlinear amplification of the intensity of the near-field image
is not observed. In the resonance case (see figures 5 and 6)
significant nonlinear amplification of the resonance can be
detected.

7. Conclusion

Summarizing our calculations of the near-field distribution on
a semiconductor surface with excitons generated by a strong
focused laser pulse predict the appearance of dynamical
configurational resonances enhanced by third-order optical
nonlinearities. The calculation is performed using a Green’s
function technique. It is shown that nonlinear effects in the
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Figure 6. Results of NXX and NXY near-field image simulation for two cases: ξ = 0 (upper row) and ξ = 0.0001 (low row) in the case of
strongest configurational resonance in figure 3 (distribution #3). The graphs show significant growth of the relative intensity in both
polarizations at the point if the magnitude of nonlinearity ξ increases.

system play an important role when the excitonic system is
in resonance, for all other cases the role of nonlinearity in
formation of the near-field images is insignificant. Thus our
calculations predict the dynamic configurational resonances
that should give rise to the peaks on a ∼1 ps timescale
in the intensity of the near-field image in the far-field
pump–near-field probe experiments. The central question is
whether these resonances are ‘real’ and can be observed
experimentally or not. Maybe they are based on the chosen
set of parameters and will not be experimentally observable
any longer, if realistic experimental probes are used. Indeed
in our calculations an exciton diffusion coefficient of D =
12 cm2 s−1 and a lifetime of τ = 1 ps is assumed. An
average exciton diffusion length thus is L =

√
D/τ = 35 nm.

This gives an estimate for the motion range of the generated
carrier cloud. The volume of the initially generated exciton
cloud is (0.2λ)3 = (200 nm)3 and an exciton concentration
of 1017 cm−3 is assumed. Therefore the initial volume of
the generated exciton cloud is much larger than the exciton
diffusion length and one would not expect that there will
be a sizeable change of the size of the exciton cloud on
a timescale of 1 ps. We have slow spatial evolution of the
exciton cloud. The geometric resonances take place between
one of the dipoles (the tip) and the exciton cloud, which is

rather large (a sizeable fraction of the wavelength) and evolves
slowly. For certain distances the spike-like response of the
system can be generated due to nonlinearity by analogy with
tuning a Fabry–Perot cavity: slow motion of one of the mirrors
results in a spike-like response of the cavity if the resonance
conditions are reached. Therefore we expect that for a fixed
position of the probe dynamic configurational resonances of
very short duration should develop even though it is a slow
exciton dynamics.

Our findings give further deep insight into the behaviour
of the exciton subsystem under strong near-surface optical
excitation and can be applied for the description of the
experimental data in ultra-fast near-field experiments.
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